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Abstract
We review our recent work on the gauge-invariant non-local dimension-two operator A2
min, whose minimization is defined along
the gauge orbit. Albeit non-local, the operator A2
min can be cast in local form through the introduction of an auxiliary Stueckelberg
field. The whole procedure results into a local action which turns out to be renormalizable to all orders.
1. Introduction
The study of operators of dimension two in
Yang-Mills theories has already a relatively long
history, as confirmed by the considerable amount of
results obtained through theoretical and phenomeno-
logical studies as well as from lattice simulations
[1–24, 26, 27, 27–35].
In particular, the dimension two gluon condensate〈
AaµAaµ
〉
has been much investigated in the Landau
gauge. According to [5], this condensate enters
the operator product expansion (OPE) of the gluon
propagator. A combined OPE and lattice analysis has
shown that this condensate can account for the 1/Q2
corrections which have been reported [18–21, 24, 27–
31, 33–35] in the running of the coupling constant and
in the gluon correlation functions.
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An effective potential for
〈
AaµAaµ
〉
in Landau gauge
has been obtained and evaluated in analytic form at two
loops in [7, 10, 11, 15, 16], showing that a nonvanishing
value of
〈
AaµAaµ
〉
is favoured as it lowers the vacuum
energy. As a consequence, a dynamical gluon mass is
generated. We point out that, in the Landau gauge, the
operator AaµAaµ turns out to be BRS T -invariant on shell,
a property which has allowed for an all-orders proof of
its multiplicative renormalizability [36, 37].
Dimension-two condensates also play an important role
within the context of the Gribov-Zwanziger approach
to confinement [38–42] as well as for the formation
of a dynamical gluon mass within the framework of
the Dyson-Schwinger equations in Landau gauge, as
reported in [1, 43, 44]. These non-perturbative effects
give rise to the so called decoupling solution for the
gluon propagator [1, 38–40, 43, 45], i.e. to a propagator
which exhibits positivity violation, while attaining a
finite non-vanishing value at zero momentum. Until
now, this behaviour is in very good agreement with the
most recent lattice numerical simulations [46–49]. The
generalization of these results to the linear covariant
gauges has been worked out recently and can be found
in [50–59].
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Even if a large amount of results has been obtained,
many aspects related to dimension-two operators
require further investigation as, for instance, the issue
of the gauge invariance, a topic of pivotal importance
in order to give a precise physical meaning to the
corresponding condensates. This is precisely the aspect
which has been addressed recently in [60] and which
will be reviewed in the present contribution.
2. The gauge invariant operator A2
min
A genuine gauge-invariant dimension-two operator
A2
min can be constructed by minimizing the functional
Tr
∫
d4x AuµAuµ along the gauge orbit of Aµ, see [60] and
refs. therein, namely
A2min ≡ min
{u}
Tr
1
2
∫
d4x AuµAuµ ,
Auµ = u†Aµu +
i
g
u†∂µu . (1)
In particular, the stationary condition of the functional
(1) gives rise to a non-local transverse field configura-
tion Ahµ, ∂µAhµ = 0, which can be expressed as an infinite
series in the gauge field Aµ [60], i.e.
Ahµ = Pµν
(
Aν − ig
[
1
∂2
∂A, Aν
]
+
ig
2
[
1
∂2
∂A, ∂ν
1
∂2
∂A
])
+ O(A3) (2)
where Pµν = (δµν − ∂µ∂ν∂2 ) is the transverse projector.
The configuration Ahµ turns out to be left invariant by in-
finitesimal gauge transformations order by order in the
gauge coupling g [61]
δAhµ = 0 , δAµ = −∂µω + ig
[
Aµ, ω
]
. (3)
The gauge-invariant nature of expression (1) can be
made manifest by rewriting it in terms of the field
strength Fµν. In fact, it turns out that [62]
A2min =
1
2
Tr
∫
d4xAhµAhµ = −
1
2
Tr
∫
d4x
(
Fµν
1
D2
Fµν
+2i
1
D2
Fλµ
[
1
D2
DκFκλ,
1
D2
DνFνµ
]
−2i
1
D2
Fλµ
[
1
D2
DκFκν,
1
D2
DνFλµ
])
+ O(F4)
where the operator (D2)−1 denotes the inverse of the
Laplacian D2 = DµDµ with Dµ being the covariant
derivative [62]. Let us also notice that, in the particular
case of the Landau gauge ∂µAµ = 0, the gauge invariant
quantity (AhµAhµ) reduces to the operator A2
(Ah,aµ Ah,aµ )
∣∣∣∣
Landau
= AaµAaµ . (4)
3. Construction of a local Lagrangian for A2
min
In order to construct a local action, we start with
the standard Faddeev-Popov action of Yang-Mills the-
ory quantized in linear covariant gauges with the inclu-
sion of the non-local gauge invariant operator (AhµAhµ) as
well as of a constraint enforcing the transversality of the
field configuration Ahµ, i.e. we consider the action
S = S FP +
∫
d4x
(
τa ∂µAh,aµ +
m2
2
Ah,aµ Ah,aµ
)
(5)
where S FP stands for the Faddeev-Popov action in lin-
ear covariant gauges
S FP =
∫
d4x
(
1
4
FaµνF
a
µν +
α
2
baba + iba ∂µAaµ + c¯a ∂µDabµ cb
)
and where we have introduced the operator (AhµAhµ)
through the mass parameter m2. Also, the transversality
of Ahµ is enforced by the Lagrange multiplier τa.
The action (5) is still non-local, since the expres-
sion for (AhµAhµ) is an infinite sum of nonlocal terms.
Nevertheless, expression (5) can be cast in local form
[60] by means of the introduction of an auxiliary
localizing Stueckelberg field ξa, whose role is to give,
for each gauge field Aµ, its corresponding configuration
that minimizes the functional A2, i.e., Ahµ. This is most
naturally implemented by defining a field h which
effectively acts on Aµ as a gauge transformation would
act, in order to provide the minimizing configuration
Ah, that is,
Ahµ ≡ Ah,aµ T a = h†Aµh +
i
g
h†∂µh. (6)
with
h = eigξ = eigξaT a , (7)
where {T a} are the generators of the gauge group
S U(N) and ξa is a Stueckelberg field.
Thus, by substituting the expression (6) for Ah in
the action (5), we now have a local theory in terms
of the field ξ. The price one has to pay to have such
a local theory is a non-polynomial action. Indeed, by
2
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expanding (6), one finds an infinite series whose first
terms are
(Ah)aµ = Aaµ − Dabµ ξb −
g
2
f abcξbDcdµ ξd + O(ξ3) , (8)
where
Dabµ = δ
ab∂µ − g f abcAcµ (9)
is the covariant derivative in the adjoint representation.
The nonlocal expression (2) for Ahµ in terms of the
gauge field Aµ can be recovered by imposing the
transversality condition ∂µAhµ = 0, i.e. after taking the
divergence of both sides of (8), equating it to zero and
solving for the Stueckelberg field ξa [54, 55, 60]. Due
to the transversality condition enforced by the Lagrange
multiplier τa, the Stueckelberg field ξa acquires now a
specific meaning: it is precisely the field which brings a
generic gauge configuration Aµ into the gauge-invariant
and transverse field configuration Ahµ which minimizes
the functional A2
min. As shown in [60], this feature,
encoded in the term
∫
d4x τa ∂µAh,aµ , gives rise to
deep differences between our construction and the
standard Stueckelberg mass term, which is known to be
a non-renormalizable theory which has to be treated as
an effective field theory [63].
An important property of Ahµ, as defined by eq.(6),
is its gauge invariance, that is,
Ahµ → Ahµ , (10)
as can be seen from the gauge transformations with
S U(N) matrix V
Aµ → V†AµV +
i
g
V†∂µV , h → V†h
The local version of the action (5), in terms of the
Stueckelberg field ξa, is thus given by
S = S FP +
∫
d4x
(
τa ∂µAh,aµ +
m2
2
Ah,aµ Ah,aµ
)
= S FP +
∫
d4x
[
τa
(
Aaµ − Dabµ ξb
)]
+
m2
2
∫
d4x
(
Aaµ − Dabµ ξb
) (
Aaµ − Daeµ ξe
)
+ · · · (11)
Due to the use of the auxiliary Stueckelberg field ξa,
expression (11) exhibits a non-polynomial character.
3.1. BRST invariance
The local action S enjoys an exact BRST symmetry
[60]:
sS = 0 , (12)
where the nilpotent BRST transformations are given by
sAaµ = −Dabµ cb ,
sca =
g
2
f abccbcc ,
sc¯a = iba ,
sba = 0 ,
sτa = 0 ,
s2 = 0 . (13)
From [64], for the Stueckelberg field we have, with i, j
indices associated with a generic representation,
shi j = −igca(T a)ikhk j , s(Ah)aµ = 0 , (14)
from which the BRST transformation of the field ξa can
be evaluated iteratively, yielding
sξa = −ca +
g
2
f abccbξc − g
2
12
f amr f mpqcpξqξr + O(ξ3)
As shown in [60], the BRST invariance of the action S ,
eq.(5), can be translated into functional identities which
can be used to show that S is in fact renornalizable to
all orders of perturbation theory.
4. Conclusion
A gauge invariant dimension two operator can be in-
troduced by minimizing the functional Tr
∫
d4x AuµAuµ
along the gauge orbit, i.e.
A2min =
1
2
Tr
∫
d4x AhµAhµ , (15)
with Ahµ the transverse configuration, ∂µAhµ = 0, given
in expression (2).
Despite the highly non-local character, a fully lo-
cal set up for both operators (AhµAhµ) and Ahµ can be
constructed, giving rise to a local and BRST-invariant
action S , eq.(5), which turns out to be renormalizable to
all orders of perturbation theory [60]. Let us conclude
by mentioning that, owing to the gauge invariance of
(AhµAhµ) and Ahµ, the corresponding anomalous dimen-
sions, (γ(Ah)2 , γAh), turn out to be independent from the
3
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gauge parameter α entering the gauge fixing condition,
being given by [60]
γ(Ah)2 = γA2
∣∣∣∣
Landau
= −
(
β(a)
a
+ γLandauA (a)
)
γAh = γAh
∣∣∣∣
α=0
= γLandauA (a)
a =
g2
16pi2 (16)
where (β(a), γLandauA (a)) denote, respectively, the β-
function and the anomalous dimension of the gauge
field Aµ in the Landau gauge, corresponding to set the
gauge parameter α to zero, α = 0. One sees therefore
that (γ(Ah)2 , γAh) are not independent parameters of the
theory.
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